Any finite group acts freely and liomologically 
trivially on a product of spheres 

^ James F. Davis 

en! 

We state our main theorem, give a short survey of free actions on a 
product of spheres, give the title of this paper as a corollary, and finally give 
a proof of the theorem below. 

Theorem 1. Suppose K is a finite CW-complex with finite fundamental 
group G. Suppose its universal cover K is homotopy equivalent to a product 
of spheres 

X = X ■ ■ ■ X 5"'= 

with all Ui > 1. Then for any n > dimX, G acts smoothly and freely on 
X X S*". If G acts homologically trivially on K, then the G -action on X x S"' 
is homologically trivial. 

The study of free actions of finite groups on spheres was a motivation 
for early developments in algebraic i^'-theory and a playground for surgery 
theory. The quintessential result is due to Madsen-Thomas-Wall [11]: a finite 
group acts freely on some sphere if and only if for all primes p, all subgroups 
of order 2p and p'^ are cyclic. 

It is a natural generalization to investigate free actions of finite groups on 
a product of spheres. We always assume our spheres are simply-connected, 
that is, a sphere is S"" for n > 1. Let G be a finite group. The rank of G 
is the largest integer k so that there exists a prime p and a subgroup of G 
isomorphic to {Z/p)^. The free rank of G is the minimal k so that G acts 
freely on a k-iold product of spheres. The rank conjecture states that for 
finite groups whose rank is bigger than one, the rank of G equals the free 
rank of G. A full solution to this conjecture seems elusive. 

A secondary conjecture is that every finite group acts freely and homo- 
logically trivially on a product of spheres. Here are four motivations for 
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the conjecture and in particular for preferring homologically trivial actions. 
First, homologically trivial actions arise naturally in the study of free group 
actions on a sphere. The Lefschetz fixed point theorem shows that every free 
action on an odd-dimensional sphere is homologically trivial and that free 
actions on even- dimensional spheres are rather dull - the only non-trivial 
group that arises is cyclic of order two. Second, in most of the examples 
where the inequality rk G > frk G has been proved, the group actions con- 
structed have been homologically trivial. For example, a faithful, finitely 
generated CfGj-module V has fixity / if / = maxjdimy^ \ g E G,g e}. 
It is easy to show that / + 1 > rkG. If / = then G acts freely on S{V), 
while if / is 1, respectively 2, it has been recently shown in [IJ, respectively 
[13], that G acts freely and homologically trivially and on product of two, 
respectively three, spheres. Also, the actions constructed in [6] are homo- 
logically trivial. Third, there is a homotopy theoretic reason for preferring 
homologically trivial actions. If a finite group G of order q acts freely on a 
simply-connected Z(g)-local CW complex Z, then the action is homologically 
trivial if and only if the space Z (with the original G-action) is equivari- 
antly homotopy equivalent to the G-space Zf x EG where Zt denotes the 
space Z with a trivial G-action. This observation is key for the technique 
of propagation of group actions [3]. Finally, it is not difficult to show that 
any finite group G acts freely on a product of S^'s. Indeed G acts freely 
on Y[g^Qi\S^ where is given a free ((y')-action and i\S^ is the co-induced 
G-space, i\S^ = map^g-,(G, S*^). Alas, this action is far from homologically 
trivial. 

The question as to whether any finite group acts freely and homologically 
trivially was mentioned as an open question in [13] and [2] and was men- 
tioned by the author as an open problem in the problem session of the 2005 
BIRS conference Homotopy and Group Actions. Motivated by this, Ozgiin 
Unlii and Ergiin Yalgm proved the following theorem. 

Theorem 2 (flS]). Let G be a finite group. If G has a faithful complex rep- 
resentation with fixity f , then G acts freely and cellularly on a finite complex 
which has the homotopy type of a {f + l)-fold product of spheres. 

Since every finite group admits a faithful representation complex repre- 
sentation with finite fixity (take V = C[G]), the following is a corollary of 
our main theorem and the theorem of Unlii and Yalgm. 

Corollary 3. A finite group acts freely and homologically trivially on a prod- 
uct of spheres. 



2 



Our main theorem sheds some hght on the rank conjecture, albeit with 
at the cost of an extraneous sphere. Define the homotopy free rank hfrkG to 
be the minimal k so that G acts freely and cellularly on a finite CH^-complex 
having the homotopy type of a fc-fold product of spheres. Progress has been 
made on the variant conjecture that rk G = hfrk G for groups whose rank is 
greater than one. In particular, Adem and Smith [2] proved this for rank 2 
p-groups and Klaus proved it for rank 3 p groups with p odd. 

As a corollary of our main theorem, one has: 

Corollary 4. frkG < 1 + hfrkG for any finite group G. 

Given a free action of a finite group on a CW-complex Z having the 
homotopy type of a product of spheres, one wonders why the surgery theoretic 
machine does not apply to construct a free action on an honest product of 
spheres. It is not difficult to show that Z/G is a Poincare complex, but there 
does not seem to be effective techniques to determine if the Spivak bundle 
reduces to a vector bundle. 

We now embark on the proof of our main theorem. Suppose is a finite 
CW-complex with finite fundamental group G and universal cover homo- 
topy equivalent to a product of spheres X. The proof is really quite easy; 
one shows that the universal cover of the boundary of a regular neighborhood 
of i^' is a product of spheres. However there are some details which we divide 
into eight steps. 

Step 1: We may assume that the dimension of K equals the dimension of X. 

Note: // the reader is content with the stronger hypothesis that n > 
maxldimi^, dimX}, then this step may be omitted. 
Step [T] follows from the lemma below. 

Lemma 5. Suppose L is a finite connected CW-complex with finite funda- 
mental group G. Suppose the universal cover L is homotopy equivalent to a 
finite CW-complex Y whose dimension is 3 or greater. Then L is homotopy 
equivalent to a finite CW-complex whose dimension equals that ofY. 

Proof. Corollary 5.1 of Wall [TS] states that for a finite connected complex 
L and an integer m > 3, L has the homotopy type of a finite complex of 
dimension m if and only if H^{L] ZttiL) = for all i > m. Let TTg : — )■ Z 
be the Z-module map T^ei^^gg) = Ug. For niL = G and L both finite, tt^ 
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induces a isomorphism HomzG(C'*(-^), ^G) — )■ Hom2(C^,(L), Z), y9 h-)- vrg o 
and hence an isomorphism H*{L]Z'KiL) ^ H*(L). Since H*{L) = H*{Y), 
Wall's condition is verified. □ 



Step 2: We may assume is a finite simplicial complex whose dimension 
equals the dimension of X. 

Any finite CW-complex is homotopy equivalent to a finite simplicial com- 
plex of the same dimension. This is a consequence of the simplicial approxi- 
mation theorem and the homotopy extension property, see [U Theorem 2C.5]. 
We thus replace the K in our theorem by the homotopy equivalent finite sim- 
plicial complex. 

Step 3: Let N{K) be a regular neighborhood of a simplicial embedding of 
K in ]R»*+dim^+i_ Then N{K) is a compact PL-manifold with boundary and 
the embedding K N{K) is a homotopy equivalence. 

This is all standard PL-topology [HI Chapter 3], but we will briefiy re- 
view. By general position a constant map K — >■ jR^+dimX+i fiomotopic to 
a simplicial embedding K )■ ]]j"+dimx+i^ Take two barycentric subdivisions, 
and define N{K) to be the union of all closed simplicies of (^]^"+dimX+iy/ 
which intersect K. Then this is a regular neighborhood of K, a compact 
PL-manifold with boundary which collapses onto K. In particular the inclu- 
sion K — )■ N{K) is a homotopy equivalence and N{K) — dN{K) is an open 

subset of M'^+dimX+l^ 

Step 4: 7ridN{K) ^ niN{K) provided dim N{K) -dimK > 2. 

Factor the inclusion as dN{K) A {N{K) - fsT) A N{K). We show that 
a is a homotopy equivalence by a direct argument and that /3 induces an 
isomorphism on vri by general position. I could not find an explicit reference 
for the fact that a is a homotopy equivalence, but a proof is easily sup- 
plied. Any point x G N{K) — is in the interior of a simplex with vertices 
Vi, . . .Va, Wi, . . .Wb with the Vi G K, the Wj G N{K) — K, and 6 > 0. Then 
X = ^ Sjf j + Yli'^j'^j "with < Si.tj < 1 and X]-^* + S^j — 1- Define a 
deformation retract H : {N{K) - K) x I ^ N{K) - K from N{K) - K to 

dN{K) by H{x, t) = (1 - t) E SiV^ + (l - t + ^) E h^j- 
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When dim A^(i^) — dimi^ > 2, transversality shows that (3^, : 7ri(A^(i^) — 
K) — )■ TTiN{K) is an isomorphism. Indeed, any element of ttiN{K) can be 
represented by a map — )■ N[K) transverse to K, hence whose image is 
disjoint from K, and hkewise for maps (D^, 5*^) — {N{K), N{K) — K). 

Step 5: Give N{K) the structure of a smooth manifold with boundary so 
that the smooth structure on its interior is diffeomorphic with that given by 
considering N{K) - dN{K) as a open subset of ]R"+dimX+i_ 

Note: // the reader is content with actions that are PL instead of smooth, 
then this step may he omitted. 

Lemma 6. Let M he a PL-manifold with houndary and let Sj a smooth 
structure on Mi = M — dM inducing the given PL-structure. Then there is 
a smooth structure on M so that (Mj,S|j\//.) is diffeomorphic to {Mi, Hi). 

Proof. We use the Fundamental Theorem of Smoothing TheorjQ which as- 
serts that the smooth tangent bundle gives a bijection 

$ : S{M) Lift(rM) 

where S(M) is the set of isotopy classes of smooth structures on a PL- 
manifold M, where tm '. M BPL is a classifying map for the PL-tangent 
bundle of M, and where Lift(rA/) is the set of vertical homotopy classes of 
lifts of tm- a lift is a map f making the diagram 

BO 



M^^BPL 

commute and a vertical homotopy is a homotopy through lifts. Furthermore, 
we assume the map vr (induced by the forgetful map) is a fibration. Then 
given a smooth structure (M, E) there is a lift f which classifies the smooth 
tangent bundle and any two lifts are vertically homotopic. Then one defines 
$[M,E] = [f]. 



-'^Thc original source for the proof of the Fundamental Theorem is 'W, Theorem II. 4.1], at 
least for manifolds without boundary. For a discussion of how this applies to manifolds with 
boundary, see O Essay IV, Section 2]. For an analogous statement of about smoothing 
topological manifolds, see fS] Theorem IV. 10.1]. 
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To apply the Fundamental Theorem, consider the diagram 



Mi - - ^ BO 



r 



M^^BPL 



Here i is the inclusion, r is a homotopy inverse for i (this exists since dM has 
a collar in M - see [16]), and fj is a classifying map for the smooth tangent 
bundle of Mj. One may assume that tt o f;/ = rj\/ o z by the homotopy lifting 
property. Then since vrofjor = TM°i°r ~ Tm, the map fjor is homotopic to 
a lift f oi Tm- Apply the Fundamental Theorem, first to M to give a smooth 
structure and then to Mi to show the diffeomorphism statement. 

□ 

Step 6: Perturb the composite homotopy equivalence X K ^ N{K)- : = 

(NiK) - dN{K)) to a smooth embedding X ^ N{K)^. Let N{X) be a 

closed tubular neighborhood of X in N{K)-. Show dN{X) is diffeomorphic 
to X X 

There is a homotopy equivalence X ^ K hj hypothesis. The homotopy 

equivalence K — > N{K)^ is the composite of the universal covers of the 
inclusion K j- N{K) and the homotopy equivalence r : N{K) — )■ N{K)i 
from Step [51 By general position (see, e.g. \T, Chapter 2, Theorem 2.13]) 

the composite homotopy equivalence X ^ K ^ N{K)^ is homotopic to a 

smooth embedding since dimN{K) > 2dimX + 1. 

We next will show the normal bundle of the embedding is trivial and 
conclude that dN{X) is diffeomorphic to X x 5"". Let u be the normal 

bundle ^{X )■ N{K)-). Note T^^r^j^^ is trivial since N{K)i is the universal 

cover of an open subset of Euclidean space. Then 

where represents the rank k trivial bundle. Note also that r^n^ (Be = 5"^+^ 
since the normal bundle of S""' C M"*"*"^ is trivial, hence 

rx®6'' = {rsn, © e) X ■ ■ ■ X (ts-. © e) = 
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Thus 

Thus, since rkz/ > dimX, v is trivial (see e.g. [9l Theorem 9.1.5]). 

The manifold N{K)i inherits a Riemannian metric since it covers an open 
subset of Euclidean space. Then dN{X) is diffeomorphic to the sphere bun- 
dle >S'(z/), which is in turn diffeomorphic to X x S"', since u is trivial. 

Step 7: Apply the h-cobordism theorem to the triad 

{N{K)~N{X)f, dN{K),dN{X)), 
and conclude that there is a free action on X x S*". 

Clearly N{K)—N{X)i is a smooth compact manifold with disjoint bound- 
ary components dN{K) and dN{X). We next show that the manifold and 
each of the boundary components are simply-connected. Step H] shows that 

dN{K) is simply-connected, and dN{X) = X x S*" is simply-connected. We 
claim the composite 

N{K) - N{X)i N{K) - X ^ N{K) 

is an isomorphism on fundamental groups, hence the domain is simply- 
connected. The first map is a homotopy equivalence since N{X) is a tubular 
neighborhood of X and the second map induces an isomorphism on funda- 
mental groups by general position, as in Step IH 

To show that the simply-connected compact manifold triad is an 
h-cobordism, it suffices to show that the relative homology of the manifold 
relative to one of the boundary component vanishes. But 

H,{N{K) - N{X)i,dN{X)) ^ H,{N{K),N{X)) ^ H,(n{K),X) = 

where the first isomorphism is by excision, the second is by homotopy invari- 
ance, and the third is by hypothesis. 

Our simply-connected smooth h-cobordism is diffeomorphic to a product 

(see pjj). Thus, dN{K) is diffeomorphic to dN{K) which, by Step El is dif- 
feomorphic to X X 5*". This there is a diffeomorphism / : dN{K) — )■ X x 5*". 
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We thus have a free G-action on X x S"^ where g{x, y) :— f{g{f~^{x, y))). 

Step 8: Analyze the action on homology of dN[K). 

We start by presenting a careful argument for the following: N{K)i is 
an open subset of Euclidean space, hence orientable, hence so are N{K) and 

N[K) and the G-action on N{K) is orientation-preserving. 

A real vector bundle over a space B determines an orientation double 
cover Bo — t- B. The bundle is orientable if Bo ^ B has a section. A choice 
of section is called an orientation. Given a map f : B' ^ B covered by 
a map of vector bundles, the orientation double cover of B' is the puUback 
of the orientation double cover of B along /. An orientation of a manifold 
(possibly with boundary) is an orientation of its tangent bundle. 

Let M be a manifold with boundary and Mj = M — dM. An orientation 
on Mj determines an orientation on Cj, hence one on C, since C c::^ Ci. The 
orientations on Mi and C agree on their intersection^Cj, hence determine an 
orientation on M — Mi U C. A regular G-cover M — >■ M is covered by^ 
map of tangent bundles^ hence an orientation of M determines one of M. 
Since the G-actionjm M covers the identity on M, the G-action preserves 
the orientation on M. 

Orient R^'°^^+^^+^^This orients N{K)i and hence, by the above, N{K) 

and N{K). Since N{K) is compact, there is a fundamental class [N{K)] and 
a Poincare-Lefschetz isomorphism. 

n[N{K)] : H'^^^+''+^-'{mX),dN{K)) Hi{N{K)) 

for all i. Since the G-action preserves the orientation by the above paragraph, 
G leaves the fundamental class invariant. 

If G acts on a pair of spaces {X,Y), give Hi{X,Y), H^{X,Y) and 
Hi{X,Y)* := Homz(i/j(A:,y),Z) the structure of left ZG-modules using, 
for g & G, the maps a ^ g^,a, {a ^ {g~^)*a), and (99 h- )■ (a i->- (p{{g~^) ^a))) 
respectively. With these conventions and with a G H]^[X, Y) invariant under 
G, the following maps are maps of left ZG-modules. 

n[a]:H\X,Y)^HN^,{X) 

UCT : H\X, Y) Hi{X, Y)* {a ^ {a ^ {a, a)) 

If the homology of Hj{X, Y) is a finitely generated free abehan group for all 
J, then the UCT map is an isomorphism. 
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Thus for all i and for N — dimX + n+ 1 — dim N(K), we have isomor- 
phisms of ZG-modules 

Hi{K) ^ Hi{N{K)) ^ H''-\N{K),dN{K)) ^ HN-i{N{K),dN{K)y 

Now if the G-action^onJ^ isjiomologically trivial, then we conclude that the 
G-action on HN_i{N{K), dN{K))* is trivial, and since the relative homology 
group is free abelian, the G-action on H^{N{K), dN{K)) is trivial. By look- 
ing at the exact sequence of the pair {N{K), dN{K)), one concludes that for 
all i there is a short exact sequence of ZG modules 

Q^Ai^ Hi{dN{K)) ^Bi^O 

where Ai and Bi have trivial G-actions. Apply — (8) Q and use the all QG- 

modules are projective (Maschke's Theorem) to conclude that Hi{dN{K)) ® 

Q ^ A ® Q ® -Bj <8) Q has trivial G-action. Hence the submodule Hi(dN(K) ) 
also has trivial G-action. This completes the proof of our main theorem. 

Remcirk 7. The G-action on H^{X x 5"") could be completely analyzed even 
when the action of G on H^[K) is nontrivial. 

In the statement of our main theorem, the product of spheres could be 
replaced by any smooth, closed, stably parallelizable manifold. 
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